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Abstract







unifies the mock theta functions, partial (or false) theta functions, and some of Zagier’s
quantummodular forms. As an application, we exploit the connections between
q-hypergeometric series and mock and partial theta functions to obtain finite
evaluations of the Mordell integral for rational choices of τ and z.
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1 TheMordell integral





cosh(πw) dw = 2
∫ ∞
0
eπ iτw2 cosh(2πzw)cosh(πw) dw. (1.1)
The integral was studied by Kronecker [19,20] and Lerch [23-25] in the late 1800s. A
few years later, the integral underwent an intensive investigation by Mordell [28,29]. He
established relationships between this integral and class number formulas. Later, Siegel
[37] used properties of the integral to determine the approximate functional equation of
the Riemman zeta function as well as asymptotics for its first moment. Very recently, the
Mordell integral has been used to efficiently compute values of the Riemann zeta function
[21]. The integral also appears in the solution of the 1-dimensional heat equation, see [32]
and the references therein. Andrews [1] gave an early investigation of the Mordell integral
in the study of the mock theta functions of Ramanujan.
The Mordell integral plays a central role in Sander Zwegers Ph.D. thesis [42] on the
mock theta functions. His work shows that the Mordell integral may be viewed as the
obstruction to modularity of the mock theta functions. Moreover, he showed how to rein-
terpret the integral in terms of a period integral of a certain weight 3/2 modular form.
His thesis has paved the way for many applications of mock theta functions to the study
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of partitions and applications to black holes and moonshine (see [9] and [7,8,11,12]), for
example. See the survey of Ono [31] and the Bourbaki lecture of Zagier [39] for details.
The most significant applications of mock theta functions to the theory of partitions
come from the study of Dyson’s rank (see the works of Bringmann and Ono [4,5]). An
integer partition of n is a sequence λ1 ≥ λ2 ≥ · · · ≥ λ > 0 such that λ1+λ2+· · ·+λ = n.
The numbers λj are the parts of the partition. Dyson’s rank [10] of a partition is the largest
part minus the number of parts. For example, 5 ≥ 4 ≥ 4 ≥ 3 ≥ 3 ≥ 2 ≥ 1 ≥ 1 ≥ 1 ≥ 1
is a partition of 25 with rank 5 − 10 = −5. Let N(m, n) denote the number of integer
partitions of n with rankm. Define











where w = e2π iu, q = e2π iτ with τ ∈ H = {x + iy : x, y ∈ R, y > 0}, (a; q)n :=∏n−1
j=0
(
1 − aqj) for positive integers n, and (a; q)0 := 1. Zwegers’s thesis [42] shows that
when z ∈ Q+ τQ, the function R(z; τ)may be viewed as a mock theta function (see [39]).















is the Kronecker symbol. The function is a “partial theta function” because it is
the sum over half of the integer lattice.
Theorem 1.1. Define R˜(u; τ) = iq
1
24
2 sin(πu)R(u; τ). For τ ∈ H = {x + iy : x, y ∈ R, y > 0}
and u ∈ C \ (Z + τZ)














±e∓2π iuh(3u ± τ ; 3τ).
On the other hand, for τ ∈ (0, 12 ) and u ∈ H− = {x+ iy : x, y ∈ R, y < 0} and Re(u) < 16














±e∓2π iuh(3u ± τ ; 3τ).
Remarks. (1). The first part of Theorem 1.1 is deduced from the work of Zwegers [42].
The second part uses a result of Ramanujan [34]. These results can be combined to give
a similar theorem for any family of mock theta functions such as R(u; τ). In particular,
similar theorems exist for the universal mock theta functions g2(u; τ) and g3(u; τ) defined
by Gordon and McIntosh [16].
(2). Theorem 1.1 shows that mock theta function R˜ and partial theta function ψ ,
together, provide a function which is defined onH∪H− and has a pseudo-modular prop-
erty which leaks from H onto R. Moreover, if we interpret the function at rationals in
terms of their radial limits (when they exist), then we obtain quantum modular forms
(see Section 1.1).
(3). Often partial theta functions may be written as false theta functions. A partial theta
function is half of a theta series (for instance the sum is over the positive integers), while
a false theta function is a theta series with some of the signs incorrect. Indeed, this is
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true for many of Rogers original examples of false theta functions. For example, it is not
























Hence, Theorem 1.1 shows that the False ϑ-functions and ‘Mock’ ϑ-functions are two
sides of the same coin. This is contrary to Ramanujan’s claim in his deathbed letter that,
“Unlike the False ϑ-functions (studied partially by Prof. Rogers in his interesting paper)
they (‘Mock’ ϑ-functions) enter into mathematics as beautifully as the ordinary theta
functions.”
(4). The connection between partial and mock theta functions in different half-planes
has appeared in at least three other contexts. (A) Results of Lawerence-Zagier [22] and
Hikami [18] show how the asymptotics of each object toward rationals are related. (B)
The second author [36] showed that Rademacher’s “expansions of zero” phenomenon
[33] extends from the theory of classical modular forms to the theory of mock theta
functions. In this approach, one sees that the relevant Poincaré series yield a mock
theta function in one half-plane and a partial theta function in the complementary half-
plane. (C) Zwegers [22,41] has given a number of examples of q-hypergeometric series
which equal mock theta functions in one domain and partial theta functions in a disjoint
domain. Indeed, Theorem 1.4, below, provides an infinite family of such examples. The
role of q-hypergeometric series in this connection has been studied extensively by the
second author in works with Bringmann and Folsom [3] and Li and Ngo [26]. A similar
relationship was also found by Mortenson with Hickerson [17,30].
The next section discusses the connection between the Mordell integral and Zagier’s
quantum modular forms. As an application we give evaluations of special values of the
Mordell integral in terms of q-hypergeometric series.
1.1 Zagier’s quantummodular forms




(q; q)n = 1+(1−q)+(1−q)
(
1 − q2)+(1−q) (1 − q2) (1 − q3)+ . . . , (1.4)
where (x; q)n := ∏n−1j=0 (1 − xqj) . This function, called “Kontsevich’s strange function”,
exists only when q is a root of unity. With ζk := e2π i/k , Kontsevich conjectured the
following elegant asymptotic expansion












as k → ∞ (1.5)
for some constants bn. Zagier [38] proved this asymptotic, with explicit bn. Moreover, he











Neither side of this identity makes sense simultaneously. Indeed, the right hand side
converges in the unit disk |q| < 1, but nowhere on the unit circle. The identity means that
F(q) at roots of unity agrees with the radial limit of the right hand side.
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With this example, and a few others in mind, Zagier [40] introduced the notion of a
quantummodular form. A weight k quantummodular form is a complex-valued function












satisfies a “suitable” property of continuity or analyticity. The 
(γ ) are suitable complex
numbers, such as those in the theory of half-integral weight modular forms when k ∈
1
2Z \ Z.
In this paper we demonstrate how the study of the Mordell integral yields asymptotics
such as (1.5) and identities such as (1.6).
Consider the second order mock theta function of McIntosh [27] defined for
∣∣q∣∣ < 1 by
B(q 12 ) :=
∞∑
n=0
q n(n+1)2 (−q; q)n
(q 12 ; q)2n+1
. (1.7)




will converge. For example,
B(−1) = 12 and B(ζ6) = −0.25 + 1.2990381056766i.
Data suggests an asymptotic analogous to (1.5) for B(ζ2k) (see Figure 1). We have the
following theorem.
Theorem 1.2. For each odd k ≥ 1, B(ζ2k) ∈ Q(ζ2k). Moreover, we have











e− π ik2 w2
cosh (πw)dw













as k → ∞with k odd
where En are the Euler numbers.
Moreover, we have the following result which is the analog of (1.6).
Figure 1 A plot of |B(ζ2k)| for odd values of k.











where the identity makes sense as a radial limit.
The mock theta function B(q) fits into a natural two parameter family of mock theta
functions. To state the theorem we introduce two families of q-hypergeometric series
which are given as specializations of the Rogers-Fine series






Here we consider the following specializations
G(a, b; τ) := q
a2
b2
1 − q ab · F
(
−q ab−1, q ab ;−q ab : q
)
, (1.9)
H(a, b; τ) := q 18 · F (ζ−ab q−1, ζ−ab ; ζ−ab q : q2) . (1.10)
As explained in Theorem 1.3 of [15] these series define functions for τ ∈ H ∪ H− and
certain τ ∈ Q.
Theorem 1.4. The following are true.
(A) For τ ∈ H− these series are mock theta functions according to Zagier’s definition
[39].
(B) For τ ∈ H these series may be written as partial theta functions. We have


















(C) Let 0 < a < b be coprime integers, with b even, and let
Qa,b :=
{h
k ∈ Q : gcd(h, k) = 1, h > 0, b | 2h, b  h, k ≡ a (mod b), k ≥ a
}
.













e− π i2x w2
cosh
((










Moreover, the sums defining G(a, b;−x) and H(a, b; 1/2x) are finite for these x.
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−q 12 ; q
)
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= ζ k16. Combining these calculations and using Theorem 1.4 (D) we find,









e π ik2 w2













This is the first part of Theorem 1.2. Additionally, Proposition 1.3 follows from
Theorem 1.4 (A) and (B).
In Sections 2 and 3 we prove Theorem 1.1. In Section 4 we give the proofs of
Theorem 1.4 and Theorem 1.2.
2 TheMordell Integral after Ramanujan
In this section the Mordell integral is represented in terms of the partial theta function.
The result is used to deduce the second part of Theorem 1.1. The following result, slightly
reworded, appears in Ramanujan’s article [34]. In particular, see (19) and (20) on page 62
of [34].
Theorem 2.1. If τ is a positive real number and z ∈ H− = {x+ iy : x, y ∈ R, y < 0} with
|Re(z)| < 12 , we have
1



















e−π inze−π iτ n
2
4 .






±e∓2π iuh(3u ± τ ; 3τ) =
∑
±
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First, we have∑
±







e−3π inu−π inτ− 3π in
2τ





















e−π i(3n−2)− π iτ12 ((3n)2−12n)










−1 n ≡ 2 (mod 3) and n−23 ≡ 1 (mod 4)
−1 n ≡ 1 (mod 3) and n+23 ≡ 3 (mod 4)
1 n ≡ 2 (mod 3) and n−23 ≡ 3 (mod 4)
1 n ≡ 1 (mod 3) and n+23 ≡ 1 (mod 4)
0 else
.
The final line follows from χ(n) = ( 12n ).


























































±e∓2π iuh(3u ± τ ; 3τ) = −q 16








Rewriting the sum of Mordell integrals gives the second claim of the theorem.
3 TheMordell integral after Zwegers
In this section we will prove the first part of Theorem 1.1. The result follows from
Zwegers’s paper [43] (which can be derived from his thesis [42]).
Define




1 − aqn (1.13)
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where a = e(u), b = e(v), q = e(τ ), and e(x) := e2π ix. Moreover, define
Â(u, v; τ) = A(u, v; τ)+ i2
−1∑
k=0











)+π i(2n+1) τ4 (1.15)




1 − e2π inτ ) (1 − e2π iv+2π i(n−1)τ) (1 − e−2π iv+2π inτ )







(ν + Im(u)/Im(τ ))√2Im(τ ))) (−1)ν− 12 q−ν2/2e−2π iνu
(1.16)








u− 12 e−πudu, x ∈ R≥0.
We collect the following results concerning the function S(u; τ).
Proposition 3.1 (Proposition 1.9 of [42]). The function S has the following transforma-
tion properties










+ S(u; τ) = h(u; τ).






















 − n − 12
)
τ + n − 12 ; nτ
)
.
We will also require the following properties of the Jaocbi theta function.
Proposition 3.3. For a ∈ C and b ∈ H we have
1. ϑ(−a; b) = −ϑ(a; b).
2. ϑ(a + 1; b) = −ϑ(a; b).




) = −i√−ibe π ia2b ϑ(a; b).






















 − n − 12
)
b + n − 12 ; nb
)
.
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The first four claims can be found in Proposition 1.3 of [42] and the final claim can be
found on page 10 of [43].
Theorem 3.4 (Zwegers [43]). In the notation above we have the following
1. Â(−u,−v; τ) = −Â(u, v; τ).
2. For all n1, n2,m1,m2 ∈ Z we have






∈ SL2(Z) we have
Â
( u
cτ + d ,
v




= (cτ + d)eπ ic(−u2+2uv)/(cτ+d)Â(u, v; τ).
If R(u; τ) is the usual rank generating function defined in the introduction, then we have
R(u; τ) = 2ia−1q 124 sin(−πu) 1
η(τ)






η(τ) := q 124
∞∏
n=1
(1 − qn) (3.6)
is the Dedekind eta-function (see, for instance, [39]).









= τeπ i(−3u2−2uτ)/τ Â3(u,−τ ; τ). (3.7)
By Proposition 3.3 (1)–(3) we have
ϑ(−τ + 1; 3τ) = − ϑ(−τ ; 3τ) = ϑ(τ ; 3τ),
ϑ(−τ + τ + 1; 3τ) = ϑ(1; 3τ) = −ϑ(0; 3τ) = 0,
ϑ(−τ + 2τ + 1; 3τ) = − ϑ(τ ; 3τ).
Hence, using Proposition 3.1 (1) we have
Â3(u,−τ ; τ) = A3(u,−τ ; τ) − i2e
2π iuϑ(τ ; 3τ)
∑
±
±e∓2π iuS(3u ± τ ; 3τ) (3.8)
Proposition 3.1 (2) gives

































±h(3u ± τ ; 3τ)e∓2π iu
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±h(3u ± τ ; 3τ)e∓2π iu
Hence, by (3.8) and
using sin(5π/3) = −√3/2 we have
Â3(u,−τ ; τ)= A3(u,−τ ; τ)− i2e



















2π iuϑ(τ ; 3τ)
∑
±
±h(3u ± τ ; 3τ)e∓2π iu
Therefore, the right hand side of (3.7) becomes
τeπ i(−3u2−2uτ)/τ Â3(u,−τ ; τ) = τeπ i(−3u2−2uτ)/τA3(u,−τ ; τ) (3.10)
− i2ϑ(τ ; 3τ) ·
















τ ϑ(τ ; 3τ)
∑
±
±h(3u ± τ ; 3τ)e∓2π iu.
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(− 5π3 ) ϑ (τ ; 3τ)
∑
±



















√−iτeπ i τ3 ϑ (τ ; 3τ)
∑
±








Combining this with (3.7) and (3.10) we have








= τe π iτ (−3u2−2uτ)A3(u,−τ ; τ) (3.11)
+ i2e
2π iuτe π iτ (−3u2+uτ)ϑ(τ , 3τ)
∑
±
±e∓2π iuh(3u ± τ ; 3τ).
Finally, note that by (1.15), ϑ(τ ; 3τ) = −iq− 16 η(τ), and by the modular transformation









±e∓2π iuh(3u ± τ ; 3τ)=−q 16
⎛⎝e−2π iu
η(τ)

















The first part of the theorem now follows from (3.5), namely R˜(u; τ) = e−2π iu
η(τ)
A3(u,−τ ; τ).
Chern and Rhoades Research in Number Theory  (2015) 1:1 Page 12 of 14
4 Mordell integrals in finite terms
In this section Theorem 1.4 is proved. This theorem follows from the results of the
Folsom, Ono, and the second author [15] and results of Gordon and McIntosh [16].













These families are called “universal” mock theta functions by Gordon and McIntosh [16].
Sketch Proof of Theorem 1.4. (A) This follows from the main theorem of [6]. See also
[16].
(B) The second identity follows from equation (1) of [35], and the first is in [14]. For
τ ∈ H− these functions are mock theta functions and are related to the g2 and h2 universal
families introduced by Gordon and McIntosh [16].











e−αw2 cosh ((2r − 1)αw)cosh(αw) dw
(4.3)
where q = e−α , q1 = e− π
2
α , and
∣∣q∣∣ < 1 in (4.3). Changing variables with πu = αw and












e π i2x w2 cosh ((2r − 1)πw)cosh(πw) dw,
the integral on the right hand side now clearly converges for r ∈ (0, 1).
Moreover, by (2.7) of [15], with ρ = e−2π iτ we have














e2π i ab ; ρ
)
= (1 − ζ−ab ) ρ 18H(a, b; τ).
Finally,H(a, b;−x) andG(a, b, 1/2x) are finite sums for x ∈ Qa,b by Theorem 1.3 of [15].
Hence (4.3) with r = a/b gives Theorem 1.4.







q 12 ; q
)
= −q− 14G(1, 2,−τ)
where the first equality is by definition and the second follows from (4.4) (this is also
given in (5.1) of [16]).
To establish the claim we use Theorem 1.4 with∫ ∞
0
























The first equation follows from (1) of [34] or Proposition 1.2 (5) of [42]. The sec-





22n+1 (see, for instance, [13]).
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